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Introduction

In the parameter space near the threshold of black hole formation 

(given an arbitrary initial system of mass and energy) numerical 

analysis reveals an intriguing degree of structure to resulting 

spacetimes. Drawing analogy to phase transitions in 

thermodynamics, Choptuik’s pioneering work observed three kinds 

of “critical phenomena” in this regime [1].

• Power-law mass scaling: 𝑀 ∝ |𝑝 − 𝑝∗|𝛾

• Universality: the resulting solution and critical exponent 𝛾 is 

independent of the profile of initial data

• The solution repeats itself on increasingly small spatio-temporal 

scales (echoing)
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Figure 1:  Power law mass scaling of a scalar field with profile Φ =
𝑝 exp(−𝑟2/5.352) in spherical symmetry.

These solutions have proven to be a powerful test of cosmic 

censorship. However, they are less understood in higher dimensional 

systems, which pose computational challenges and incorporate 

additional physical effects such as gravitational waves [2].

Figure 2: Example of cosmic censorship in the case of dust collapse. For 

typical initial data, an event horizon will always form in a region before a 

curvature singularity does [3].
 

Mathematical Formulation

• The Einstein field equations are transformed into strongly 

hyperbolic form using the Z4 extension

𝑅𝑎𝑏 − 1
2
𝑅𝑔𝑎𝑏 + 2∇(𝑎𝑍𝑏) = 𝜅𝑇𝑎𝑏

• We introduce a global time coordinate using the ADM 

decomposition [3]

• Axisymmetry is enforced via the Geroch decomposition [4]

Figure 3:  Spatial tensors can be decomposed into components either 

orthogonal or parallel to 𝜉𝑎 = 𝜕/𝜕𝜙.

Hamiltonian Constraint:

1
2
(𝑋2 − 𝑋𝐴𝐵𝑋𝐴𝐵 + ℛ︀) − 𝐷𝐴𝐷𝐴𝜆

𝜆
+ 𝑋𝐿 = 0

Evolution Equations:

ℒ︀𝒏ℎ𝐴𝐵 = −2𝑋𝐴𝐵, ℒ︀𝒏𝜆 = −𝜆𝐿

Final Decomposition:
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Prolate Scalar Fields

Figure 4: Dispersing (left) and collapsing (right) prolate scalar fields. The top 

displays a snapshot of each evolution while the bottom links to animations of 

each evolution.
 

Numerical Methods

• Spatial derivatives computed using the finite difference method

• Adaptive mesh refinement is performed via interpolating wavelets 

(inspired by Dendro GR [5])

• Temporal integration using 4th order Runge-Kutta method and 

6th order Kreiss-Olgier Dissipation [6]

• Solve for initial data with hyperbolic relaxation [7], transforming 

the elliptic constraint equation

ℒ︀𝐸𝒖 − 𝒑 = 0

into a hyperbolic equation by introducing a fictitious time 

variable and evolving to a steady-state

𝜕2
𝑡 𝒖 + 𝜂𝜕𝑡𝒖 = 𝑐2(ℒ︀𝐸𝒖 − 𝒑)

Figure 5: Domain is discretized by a quadtree of cells, each of which contains 

a uniform grid of physical nodes (red) padded by ghost nodes (blue).
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Figure 6: Adaptive mesh generated when solving initial data. Coloring 

indicates cells of the same level of refinement that have been grouped together 

for efficiency.
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Scalar Fields + Brill Waves

To understand the impact of higher dimensions on critical 

phenomena we simulated massless scalar field initial data with a 

superimposed nonlinear gravity wave known as a Brill wave. The 

addition of this wave reduces the critical point and dampens 

subsequent echos.
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Figure 7: Lapse at the origin for a single scalar field (top) and a scalar field 

superimposed with a subcritical Brill wave (bottom).
 

Future Work

• Further resolve critical point for superimposed collapse

• Build a 2d mass estimator in order to estimate critical exponent 

and test universality

• Confirm second bifurcation in prolate collapse
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